It is shown that the Wilson renormalization group flow of couplings on the space of cutoff field theories, after subtracting two terms (to account for wavefunction renormalization at the cutoff scale and normal ordering of higher order interactions), is related by a particular negative definite matrix (the so-called Zamolodchikov 'metric') to the gradient of a positivedefinite function, in any dimension. In particular, the one-form dual to the Wilson flow, using this matrix, is not even closed. Thus, with this choice of 'metric', there is no function on the space of cutoff field theories which has critical points precisely where the Wilson renormalization group flow has fixed points. In the case of two-dimensional scalar field theory, the linearized tachyon equation of motion in string theory arises as a combination of terms that are gradients and linear terms subtracted from the Wilson flow, showing explicitly that these linear terms are physically important.
string indeed are related to irrelevant couplings in the sigma model approach. The second motivation is the recent work on supersymmetric Yang-Mills theories initiated by Seiberg and collaborators [15] . These works make use of the Wilsonian notion of effective actions (de Alwis [16] , Bastianelli [8] ), rather than the standard definition of the ft effective action as the Legendre transform of the generating functional of connected correlation functions. It is therefore appropriate to apply the properties of the Wilson rg as derived here to these theories.
With these motivations, in the present work, we shall show that the flow of couplings in the Wilson rg, after subtraction of certain terms linear in the couplings, is related by a negative definite matrix (the 'Zamolodchikov metric') to the gradient of a positive-definite function. The function in question is explicitly computable, and the linear terms subtracted have precise physical interpretations. In the process, the Wilson flows by themselves are shown to not be the gradients of any function with this choice of matrix. (The issue of redundant variables will be discussed later.)
Three points must be emphasized right from the outset. Firstly, the above statements are valid only with the particular negative definite matrix that we use, the matrix of second derivatives of the free energy density, which arises naturally in our analysis. While it seems difficult to construct another such matrix on the space of all couplings, with natural positivity (or negativity) properties, this apparent difficulty may be a reflection of our lack of imagination. Secondly, since we consider the space of all couplings, relevant and irrelevant, as appropriate for the Wilson rg, a cutoff is present in the formula. It is possible in perturbative calculations to relate a rescaling of the fields to the change in cutoff, thereby expressing the flow equation in a cutoff independent manner. As is well-known, in general there is no non-perturbative manner in which such a cutoff-independent statement can be made. As is physically appropriate, however, we shall find that the tachyon equation of motion is universal and cutoff independent. The last point is that our calculations are all invariant only under linear changes of the coordinates we use on the space of field theories. The deep and difficult questions that arise when one attempts to interpret the 'geometry' of such a space are beyond the scope of the present work [13] . Any geometric formulation of the problem must reduce to our explicit computations. One might hope that the explicit and physically clear nature of our formula will lead to progress on the correct definition of geometry on spaces of field theories.
The plan of this paper is as follows: We define our notation, and recall the basic Wilson rg formalism we shall use in section 2. We derive our result in section 3. We show explicitly that our gradient-like equation implies Polchinski's [5] formulation of the Wilson rg [2, 3, 4] . In section 4 we present a computation in two dimensions, relevant for string theory, deriving the linearized tachyon equation of motion from our formula. We also provide a brief discussion of the relevance of our calculation to the Banks-Martinec programme [9] . The point of this string theory calculation is to show that (1) the linear terms that spoil a naïve gradient flow are physically important, so it is unlikely that they could be removed by an appropriate choice of redundant operators, and (2) standard string results are reproduced by our formula. Section 5 contains some concluding remarks.
Review
The form of the Wilson rg equations we will use is due to Polchinski [5] ; for earlier work, see Ref.'s 2,3,4. We start from a regulated partition function,
where N (Λ) is a normalization factor given below. Divide
, with K(x) some cutoff function that interpolates between 1 and 0 as x becomes large. We will assume that K ′ (x) is only non-zero in a small interval around 1. When p 2 /Λ 2 lies in this interval, we call p a borderline momentum. The compactness of the support of K ′ (x) is inessential for our argument. We let
We want Λ∂ Λ Z[J] = 0, for appropriate J, corresponding to long-wavelength correlation functions, but we let J be arbitrary for the nonce. Writing
we find
This rewriting of Z[J] is essentially algebraic. Now acting with Λ∂ Λ on Z[J], and performing some (functional) integrations-by-parts, we find
ensures that all correlation functions are left invariant. Two comments are in order here: (1) The integrations-by-parts, in this case, do not give any boundary terms, subject to the assumed validity of our algebraic treatment of Z[J]; (2) This equation also gives us a precise understanding of the limitations that must be imposed on J: the source J(p) must vanish for borderline p. For arbitrary J, the evolution of S Λ,int becomes nonlinear in J, as Z[J] develops 'contact' terms to compensate for degrees of freedom that no longer propagate. In particular, the derivation given for the evolution of S Λ,int is no longer valid as it stands.
We shall restrict our attention to sources that vanish for borderline or higher momenta. With this restriction, writing the equation in terms of S Λ , we obtain
This derivation shows the existence of flow equations that keep low-energy correlation functions invariant. We will re-derive eq. 1 from our formula at the end of Sec. 3.
Derivation
We are free to choose appropriate coordinates on the space of couplings. A standard choice of coordinates is such that derivatives of the free energy with respect to these coordinates give complete (i.e., not necessarily connected) correlation functions. Thus, if we write
the A (n) serve as appropriate coordinates. It should be noted that as coordinates, the A (n)
are regarded as functions only on the space
is a function of only m − 1 momenta. Derivatives of the free energy density give complete correlation functions (with the momentum-conservation δ-function factored out).
By the definition of the flow of couplings, we know that
when the momenta p i are smaller than borderline. As a matter of convention, the momentum conservation delta-functions have been factored out of the correlation functions-thus, these correlation functions are 'correlation functions/unit volume', naturally obtained by differentiating the free energy density with respect to A (n) . Furthermore, the quantity p n ≡ − n−1 i=1 p i will be used in the following, consistent with the fact that A (n) are functions of only n − 1 momenta. In expanded form, one has
as long as the momenta p i are smaller than borderline. In eq. 2, the term involving the derivative with respect to A (m) of the correlation function is well-defined, except possibly for theories which do not satisfy cluster decomposition. Eq. 2 is almost of the desired form, since
where f is the free energy density. It is crucial to note here that eq. 3 only holds because A (m) have no explicit Λ dependence. Eq. 2 is not, however, enough because of the fact that the A (m) range over all couplings, including couplings with borderline momenta. This is a problem, since it implies that
is a 'rectangular' matrix, since A (n) has as arguments momenta that are smaller than borderline, whereas A (m) has as arguments arbitrary momenta. To avoid any confusion, note that the term 'rectangular' is used to indicate that there is an asymmetry between the two indices of the infinite matrix X mn . If we could find an equation similar to eq. 2 but which included couplings at borderline momenta, we would be able to use the fact that X mn in eq. 4 is a negative definite matrix due to the thermodynamic concavity of the free energy.
Note that we always refer to X mn as a matrix rather than a 'metric'-this is an important point. Given as the matrix of second derivatives of a function, this matrix is clearly not covariant under nonlinear coordinate changes. One can define a connection [12] by demanding that in the affine frame [13] given by our choice of coordinates the metric takes the form given in eq. 4. However, we shall not have any need for this sophistication in our calculation, which is local.
If one or more of the p i are borderline momenta, the correct equation is
due to contributions from differentiating propagators with one or both ends attached to external lines. The presence of J in the Wilson rg equation, before we restricted J(p) to be zero for p borderline or larger, is precisely due to these extra contributions. Such contributions cannot be cancelled by adjusting the coupling terms, only internal propagator changes can be cancelled by the flow of couplings. This is evident in eq. 1, which is an explicit set of flow equations. It should be noted that we have not used eq. 1 so far in our analysis, just the fact that the theory has a regulated propagator-thus, our derivation at the end of this section of eq. 1 is not circular.
We want to rewrite these additional contributions in the form of a gradient. Towards this end, defining g(p) ≡ Λ∂ Λ lnK p 2 /Λ 2 , note that the first term on the r.h.s. of eq. 5 can be written as Dφ e
Similarly, the second term on the r.h.s. of eq. 5 can be written as
A slightly more abstract notation will serve to make the following steps more transparent, so let ∂ n stand for the functional derivative with respect to A (n) , define β n ≡ Λ∂ Λ A (n) , and we will employ the summation convention for repeated indices in the following, with spacetime momenta understood in the summation. In this notation, we have found thus far
using eq.'s (6,7) in eq. 5. A useful identity is
where ∂ n denotes a differentiation with respect to any parameter in the action, and O is any functional operator. For example,
for the first term on the r.h.s. of eq. 8. Written in this form, an important observation is that eq. 8 shows
with
S.
Eq. 10 shows that the obstruction to gradient flow comes from the fact that
if the variation is with respect to any parameter that occurs in the action S. It actually follows from eq. 10 that the Wilson β functions cannot be the gradient of a function, since
In words, the expectation value of a gradient (with respect to the couplings) is not the gradient of an expectation value, equivalently, the expectation value of an exact form is not exact. Using eq. 9,
ǫL V r β(g, g r ), i.e., to operators such that translations in the redundant directions amount to a reparametrization of the space of couplings by a vector field V r . Clearly, this alone does not suffice to characterize redundant variables, for a detailed discussion, see Wegner [3] . Naïvely, ignoring reparametrizations, one could characterize redundant directions as those which leave f invariant [3] , i.e., ǫ r (g)∂ r f = 0, where ǫ r is the vector of couplings corresponding to a particular redundant operator. However, we shall find in Sec. 4 by explicit computation that the linear terms are physically important, so they cannot be eliminated by shifting redundant coupling constants.
As a check on our result, it is straightforward to derive the Wilson rg equation in the form due to Polchinski [5] (eq. 1) from eq. 13. To this end, write
Then eq. 12 gives
Rearranging terms, and using δS 0 δφ(p)
Since this equation holds for all operators ∂ n S, we have obtained eq. 1.
Two dimensions
In their seminal work, Banks and Martinec [9] suggested that the equations of motion of string theory might be proportional to the vanishing of the Wilson β functions. There are some differences between their proposal and eq. 13: (1) They took ∂ n ∂ m Z to be the matrix of proportionality (Z is the partition function), whereas we used ∂ n ∂ m f where f is the free energy density; (2) They invoked coordinate changes in the functional integral as a symmetry, since it is well-known that the S-matrix is left invariant under such functional changes. For string theory, however, the object of physical significance is not the twodimensional field theory's S-matrix, but rather the correlation functions of primary fields of weight (1,1) under conformal transformations. Since these observables are only a priori defined at fixed points, the extension to their analogues over the whole space of field theories is a difficult task, both conceptually and computationally. (3) They rescaled the coordinates and the fields such that the cutoff is held fixed in their analogue of eq. 1. (However, scalar fields in two dimensions are dimensionless, a fact crucial for the string interpretation.) (4) As noted by Banks and Martinec [9] , the case of interest in string theory is when one includes a coupling to two-dimensional gravity as in the Polyakov approach. We have not done so in the present work, since our main interest was in a formula applicable in any number of dimensions. It is very likely that this coupling to gravity changes the structure of the renormalization group quite drastically [14] , so our work cannot be used to state that there is no action principle underlying string theory. In particular, it must be noted that away from fixed points, the coupling to gravity even in two dimensions is very non-trivial.
Our formula does have some physical relevance for string theory. To illustrate this, we carry out a simple computation in two dimensions, essentially an application of eq. 13 to string theory. For our calculation
In two dimensions, X is dimensionless, hence the coupling constant T has a dimension-it has, in other words, a 'classical' beta function. It is convenient to write T ≡ Λ 2T , wherẽ T is dimensionless. Clearly
At the lowest order in T, our formula reduces to
We wish to emphasize that the second term in this equation is a combination of the gradient part and the linear terms of type (B) that were subtracted from the Wilson flows in eq. 13. Thus, the linear terms in eq. 13 appear to have important physical consequencescoordinate changes induced by admissible redundant operators, of course, do not change any physics. We let K −1 (x) = 1 + x n , which implies
The absence of n from the equation of motion will be a good check of universality. It follows now that we have
where · · · Λ is a tachyon two point function, not needed in explicit form. The integral is easily done, giving
in a straightforward manner. In our normalization, the string tension is 4π. Thus the tachyon equation of motion we obtain by settingβ ≡ Λ∂ ΛT = 0,
is exactly as expected.
Conclusions
We have shown that the Wilson flows, Λ∂ Λ A (m) , up to terms linear in the couplings, are related by a negative definite matrix, X mn ≡ ∂ m ∂ n f, to the gradient of a natural function on the space of all couplings. Our treatment is dimension independent, but explicitly depends on a choice of coordinates (up to linear changes of coordinates) in which the matrix X takes the simple form ∂ m ∂ n f. It is readily deduced from our argument that the Wilson flows by themselves are not related to gradients; in other words, there is no function on the space of couplings such that the Wilson flows are related by the matrix ∂ n ∂ m f to its gradients. This was known for two-dimensional field theories, in renormalized perturbation theory, see Ref. 10 . Of course, there may well be some other matrix for which gradient flow for the Wilson rg is possible, but if we want the coordinates to be Λ independent a priori, this seems difficult to achieve. It should also be noted that the natural concavity of the free energy density is a major benefit of using X mn . The tantalizing question that remains unanswered due to our lack of control on the convergence of the Wilson rg to the ftrg in a general field theory, unfortunately, is the nature of the ftrg flow.
We showed that the vanishing of the Wilson flows in the two-dimensional case lead to the tachyon equation of motion, but in such a manner that one needed both the linear terms, multiplied by the matrix X mn , and the gradient terms. Thus, if the vanishing of these flows is to be the equation of motion of string theory [11] , there is no action on the space of two-dimensional field theories for which this is the Euler-Lagrange equation. We do not claim this stronger statement because, as we noted above, it is necessary to couple the two dimensional field theories to gravity for string theoretic purposes, and there are many complications associated with this [14] . We emphasize also that all our statements depend on our choice for the matrix X, but to our knowledge, there is no credible alternative to the Zamolodchikov 'metric'.
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